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Quantum Computing and Operations Research
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Domain of Science  
Dominic Walliman

You might have heard about it
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Q U A N T U M  C O M P U T I N G

https://www.flickr.com/photos/95869671@N08/
https://www.flickr.com/photos/95869671@N08/
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• Practical and functional differences of Quantum 
Computing (QC) and Classical Computing (CC)

• Promise to accelerate certain computational tasks
• Few available experimental evidence of advantage
• Significant progress in algorithms driven by 

research
• QC does not extend CC computability, distinction 

in matter of efficiency
• Progress in hardware driven by interest from 

public and private sectors
• Progress in software ecosystem driven by 

growing community Retrieved from Quantum Open 
Software Foundation qosf.org/  

Retrieved from Quantum Algorithm Zoo quantumalgorithmzoo.org/ 

Retrieved from doi.org/10.1038/s41586-019-1666-5, doi.org/10.1038/d41586-
020-03434-7, doi.org/10.1103/PhysRevLett.127.180501 

Introduction to Quantum Computing
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http://www.doi.org/10.1103/PhysRevLett.127.180501


© David E. Bernal Neira

• Progress in 40 years but still not achieving “full promise of QC”
• We are living in the Noisy Intermediate Scale Quantum (NISQ) devices era

• Fault-tolerance estimated to be reached soon (?)

• Advantage experiments highlight the physical possibility of speedups, it is now an engineering challenge

•Observed for tailored problems not corresponding to any industrial 
application yet*

• Moderate size (~100s qubits) devices 
• Too many for classical simulation
• Too few for error correction

• Devices subject to physical noise 
• Distinction of physical and logical 

qubits

Introduction to Quantum Computing
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Happy (Belated) Quantum Year!
According to the UN!
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Challenges and uses of quantum computing
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• Imagine you have an arbitrary quantum state |𝜓⟩ and you would like a copy of it.
• You need to design unitary matrix 𝑈 that takes in one state and outputs two

• This is not possible! See “no-cloning theorem”

• Even with all those limitations (unitary operators), the  quantum gate model is Turing 
complete!

In practice we can do this!

Challenges of QC – No copying (states)
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• What useful computations can you do with unitary transforms on exponentially large

matrices?

• Only a few great answers… so far!

• Simulate Quantum Systems (solve Schrödinger Equation)

• Factor Integers (Shor’s Algorithm)

• Unstructured Search (Grover’s Algorithm)

• Solving Linear Systems of Equations Approximately (HHL)

• Simulating Large Collections of Oscillating Springs (arXiv:2303.13012)

“Quantum Algorithm Implementations for Beginners”

arXiv:1804.03719

Opportunities for QC
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https://secquoia.github.io/ifors2026-tutorial/ 

We have too many slides and too little time!
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Types of Quantum Computers
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Analog Quantum Computer

NISQ* Quantum Computer

Fault Tolerant Quantum Computer

Bare Metal System

1 Abstraction Layer (gates)

2 Abstraction Layers

(Quantum Error Correction + gates)

Models of Quantum Computation
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What does it do?
• Apply control parameters to evolve a real-world quantum 

system in time

Natural use cases
• Quantum Simulation (open and closed), Optimization

Arguments For
• Very efficient use of quantum hardware resources
• Very fast (no abstraction layers)

Arguments Against
• Highly specialized to specific applications (i.e., limited 

Hamiltonian options)
• Hardware noise can be limiting

Solve this ODE
𝑡 ∈ 0, 𝑇 , |𝜓0⟩

Time evolution, initial state

𝑖
𝑑

𝑑𝑡
𝜓 𝑡 = 𝐻 𝑡 |𝜓 𝑡 ⟩

𝐻𝐷−𝑊𝑎𝑣𝑒 𝑡 = 𝐴 𝑡 ෍

𝑖

ො𝜎𝑖
𝑋 + 𝐵 𝑡 ෍

𝑖,𝑗

𝐽𝑖𝑗 ො𝜎𝑖
𝑍 ො𝜎𝑗

𝑍 + ෍

𝑖

ො𝜎𝑖
𝑍

Analog Quantum Computation
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1. King, Andrew D., et al. "Coherent quantum annealing in a programmable 2,000 qubit Ising chain." Nature Physics 18.11 (2022): 1324-1328.
2.  Bernal Neira, David. "Coherent simulation with thousands of qubits." Nature Physics 18.11 (2022): 1273-1274.
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What does it do?
• Apply quantum imperfect gates to implement a noisy 

universal quantum computation
• Note: these usually include arbitrary rotation gates

Natural use cases
• Quantum Simulation (closed), Variational Quantum 

Algorithms, Quantum Machine Learning (?)

Arguments For
• Flexible (all types of quantum computations are in scope)
• Fast (just 1 abstraction layer)

Arguments Against
• Hardware noise can be limiting
• Unclear how to extend beyond qubit coherence time

Apply Unitary matrices (𝑼) 
to a quantum state (𝝍)

𝑈𝑛| … 𝑈2 𝑈1|𝜓⟩

Quantum Circuit

Variational Quantum Algorithms

NISQ Gate-Based Computation
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1. Bernal Neira, David E., et al. "Utilizing modern computer architectures to solve mathematical optimization problems: A survey." Computers & Chemical Engineering (2024): 108627.
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What does it do?
• Apply quantum error corrected gates to implement perfect 

universal quantum computation
• Note: a restrictive gate set (e.g., Clifford+T)

Natural use cases
• Quantum Simulation (high-accuracy), Factoring, Linear Systems, 

Nonlinear Systems (?)

Arguments For
• Reliable, Algorithms with Proofs
• Quantum Error Correction (QEC) enables going beyond the limit of 

qubit coherence time

Arguments Against
• Requires a LOT of physical qubits
• Algorithms require a LOT of gates (e.g., >106)
• Slow, QEC overheads take time (2 abstraction layers)

Fault-Tolerant Gate-Based 
Computation

21 September 2026 Quantum Computing for Operations Research 18
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2. Beverland, Michael E., et al. "Assessing requirements to scale to practical quantum advantage." arXiv preprint arXiv:2211.07629 (2022).
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1. Carleton Coffrin, Los Alamos National Laboratory

Who is doing what – 3 types of Quantum Computers
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Domain of Science  
Dominic Walliman

WE DON’T HAVE YET THE QUANTUM “TRANSISTOR”
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W H Y  S O  M A N Y ?

https://www.flickr.com/photos/95869671@N08/
https://www.flickr.com/photos/95869671@N08/
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▪ Few limited quantum speedup demos achieved with 
quantum annealing (both application and tailored).

▪ No quantum advantage for application problems*.
▪ Three quantum supremacy demos on «self-simulation» - 

Sycamore, Jiuzhang, Zuchongzhi

WORLD QUEST: 
Discover an interesting, useful application where we see quantum 
advantage 

• Sep 19 Paper Leaks where problem is solved in 5min in Quantum Computer
• Oct 19 IBM pre-announce counter-test estimate (days)
• Oct 19 Google announce (10k years)
• May 2020 Alibaba announce counter-test estimate (20 days)
• Followup works seem to bring the number down to days 

• In the latest case: Quantum computer took 1.2 hrs in a task that would take 8 years in the most powerful computer with the corrected estimates

State of the affairs of Quantum Computing as of 9/1/2026
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1. Arute, F., Arya, K., Babbush, R. et al. Quantum supremacy using a programmable superconducting processor. 
2. Zhong, H., Wang, H., Deng, Y. et al. Quantum computational advantage using photons
3. Wu et al. Strong quantum computational advantage using a superconducting quantum processor
4. https://thequantumdaily.com/2020/09/10/global-quantum-ecosystem-an-overview-on-quantum-initiatives-worldwide/
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Breaking news!
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Breaking news 2!
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Breaking news 3!
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• What will it take to achieve high-impact 
quantum computing applications?

• Very limited understanding…
• DARPA’s Quantum Benchmarking program is 

at the bleeding edge
• Preliminary 2023 Findings

Current gap between Hardware and applications
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I don’t know!
Each player has a plausible pitch where their tech is the best!

Fault-Tolerant Gate-Based

Noisy Gate-Based

Noisy Analog QC

How long before we have a very large and 
useful Fault-Tolerant quantum computer?

12 months ago most folks would say
“10-15 years”

Today it seems much sooner (2027-2030)

Who will win the Quantum Computing race?

21 September 2026 Quantum Computing for Operations Research 26
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• IBM
• 200 logical qubits by 2029
• 100M Gates

• Infleqtion
• 100 logical qubits by 2028
• 1-100M Gates

• QuEra
• 100 logical qubits by 2026
• Today, they have 48 

Public FTQC Roadmaps
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Thanks to Carleton Coffrin from Los Alamos National Laboratory, Davide Venturelli from USRA and NASA 
QuAIL, Giacomo Nannicini from USC (before at IBM Quantum), and many more for inspiration for these slides!

Basics to understand and use quantum computing

21 September 2026 Quantum Computing for Operations Research 28

O V E R V I E W  O F  Q U A N T U M  M E C H A N I C S



© David E. Bernal Neira

• A complex number has two parts
“Real” horizontal axis
“Imaginary” vertical axis

• Can be represented in polar form as a magnitude 
𝑟 and an angle 𝜙

Two important operations
Complex conjugate (i.e., 𝑧∗, ҧ𝑧 )

• Complex Conjugate and Matrix Transpose, 𝐴∗𝑇 
(i.e., 𝐴𝐻 , 𝐴†)

ҧ𝑧 = 𝑟∠𝜙

ҧ𝑧 = 𝑟∠ − 𝜙

Refresher on complex numbers
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1. Based on introduction lecture by Carleton Coffrin
2. https://en.wikipedia.org/wiki/Complex_number
3. https://en.wikipedia.org/wiki/Complex_conjugate
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A recursive matrix operation
Useful for representing and working efficiently with exponentially growing structures

𝑢 ⊗ 𝑣 =

𝑢1

𝑢2

𝑢3

⊗
𝑣1

𝑣2
=

𝑢1𝑣1

𝑢1𝑣2

𝑢2𝑣1

𝑢2𝑣2

𝑢3𝑣1

𝑢3𝑣2

𝐴 ⊗ 𝐵 =

𝑎11 𝑎12

𝑎21 𝑎22

𝑎31 𝑎32

⊗
𝑏11 𝑏12

𝑏21 𝑏22

=

𝑎11𝑏11 𝑎11𝑏12 𝑎12𝑏11 𝑎12𝑏12

𝑎11𝑏21 𝑎11𝑏22 𝑎12𝑏21 𝑎12𝑏22

𝑎21𝑏11 𝑎21𝑏12 𝑎22𝑏11 𝑎22𝑏12

𝑎21𝑏21 𝑎21𝑏22 𝑎22𝑏21 𝑎22𝑏22

𝑎31𝑏11 𝑎31𝑏12 𝑎32𝑏11 𝑎32𝑏12

𝑎31𝑏21 𝑎31𝑏22 𝑎32𝑏21 𝑎32𝑏22

𝐴 ⊗ 𝐵 =
𝑎11𝐵 ⋯ 𝑎1𝑛𝐵

⋮ ⋱ ⋮
𝑎𝑚1𝐵 ⋯ 𝑎𝑚𝑛𝐵

Kronecker product ⊗ or Tensor Product
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1. Based on introduction lecture by Carleton Coffrin
2. https://en.wikipedia.org/wiki/Tensor_product



© David E. Bernal Neira

Given a complex Euclidean space 𝕊 ≡ ℂ𝑛

• 𝜓 ∈ 𝕊 denotes a column vector and is called a Ket
• ⟨𝜓| ∈ 𝕊 denotes a row vector and is called a Bra 
• ⟨𝜓| is the conjugate transpose of 𝜓  (i.e., ⟨𝜓| = 𝜓 †)

⟨𝜓 𝜓  is a scalar and is known as a BraKet

• Quantum computing works with large complex Euclidean spaces ℂ2 ⊗𝑞

Dirac Notation (BraKet)

21 September 2026 Quantum Computing for Operations Research 31

P R E L I M I N A R I E S

1. Based on the introductory lecture by Carleton Coffrin
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Quantum Mechanics is the physics theory that describes and predicts the outcome of 
experiments with systems that are sufficiently small, cold and isolated
• Quantum Computing uses quantum Mechanics as “information processing”

EXPERIMENT → COMPUTATION
• Five concepts that are required to USE (not understand!) QM for QC:
• Quantum State

• Qubits, Qubit Registers, Wavefunction
• Quantum Coherent Operations

• Shrödinger or Unitary Evolution, Gates
• Measurement

• Collapse, Projection, Probability Amplitude, Born Rule
• Interference

• Particle-wave duality, quasi-probabilities
• Quantum Incoherent Operations

• Dissipation, Dephasing, Decoherence, Noise

Crash course on Quantum Mechanics
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1. Nannicini, Giacomo. "An introduction to quantum computing, without the physics." SIAM Review 62.4 (2020): 936-981.
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How to teach quantum Mechanics and Computing to non-
Physicists?
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Quantum State
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• A state is a representation of a physical system through a collection of variables that fully 
describes its physics within the theory (e.g., in thermodynamics, is P, V, T, … )

• A QUBIT is the simplest quantum state you can think of a two-level system
BraKet notation for generic quantum states |𝜓⟩

• The two states define the COMPUTATIONAL BASIS |0⟩ and 1
• Standard basis  {0} State  Split between {0,1} states

0 =
1
0

, 1 =
0
1

 𝜓 =
0
1

1.0 + 0.0𝑖
0.0 + 0.0𝑖

𝜓 =
0
1

0.5 + 0.0𝑖

0.5 + 0.0𝑖
• Think of them as the X and Y axis of a fixed-length arrow

Unit vector requirement 𝜓 𝜓 = 1
• The quantum state is fully specified by its components on the axes which are complex 

numbers
• Notation for qubit states 𝜓 𝑞𝑢𝑏𝑖𝑡 = 𝜓0 0 + 𝜓1|1⟩

The Quantum State (QUBITs)
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• The quantum state is fully specified by its components on the axes which are 
complex numbers

Notation for qubit states 𝜓 𝑞𝑢𝑏𝑖𝑡 = 𝜓0 0 + 𝜓1|1⟩

• Unit vector requirement 𝜓 𝜓 = 1, meaning that 
𝜓0

2 + 𝜓1
2 = 1

The Bloch sphere

Insight: QM/QC is mostly 
linear algebra with complex 

numbers

The Quantum State (QUBITs)
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• One qubit is fully described by its wavefunction, i.e., 2 complex numbers
• 𝑁 qubits are fully described by their global wavefunction, a vector with 2𝑁 

complex numbers (probability amplitudes)
• The quantum state vector grows exponentially with the number of qubits (that’s 

why we need ⊗)
• Compute over exponentially large vectors!

• Size of |𝜓⟩ is 2 𝑞𝑢𝑏𝑖𝑡𝑠

The “Exponentiality” of QM
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𝜓 =

𝑞1

1.0 + 0.0𝑖
0.0 + 0.0𝑖

,

𝑞1, 𝑞2

1.0 + 0.0𝑖
0.0 + 0.0𝑖
0.0 + 0.0𝑖
0.0 + 0.0𝑖

,

𝑞1, 𝑞2, 𝑞3

1.0 + 0.0𝑖
0.0 + 0.0𝑖
0.0 + 0.0𝑖
0.0 + 0.0𝑖
0.0 + 0.0𝑖
0.0 + 0.0𝑖
0.0 + 0.0𝑖
0.0 + 0.0𝑖

, … ,
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Quantum state grows as ℂ2 ⊗𝑞
 (𝑞 the number of qubits)

For two qubits we have ℂ2 ⊗2
= ℂ2 ⊗ ℂ2 with the following 4 basis elements

0 2 𝑞𝑢𝑏𝑖𝑡𝑠 = 0 ⊗ 0 = 00 =
1
0

⊗
1
0

=

1
0
0
0

2 2 𝑞𝑢𝑏𝑖𝑡𝑠 = 1 ⊗ 0 = 10 =
0
1

⊗
1
0

=

0
0
1
0

1 2 𝑞𝑢𝑏𝑖𝑡𝑠 = 0 ⊗ 1 = 01 =
1
0

⊗
0
1

=

0
1
0
0

3 2 𝑞𝑢𝑏𝑖𝑡𝑠 = 1 ⊗ 1 = 11 =
0
1

⊗
0
1

=

0
0
0
1

𝜓 2 𝑞𝑢𝑏𝑖𝑡𝑠 =

00
01
10
11

𝜓00

𝜓01

𝜓10

𝜓11

=𝑒𝑔

0.0 + 0.0𝑖
0.0 + 0.0𝑖
1.0 + 0.0𝑖
0.0 + 0.0𝑖

= 10

Two qubit example
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Special states that can be written as Kronecker products of others

• Intuition: separable states, even if they represent two quantum states in a larger 
system, they are independent (one can be measured without the other)

• Specific bit vectors or basis states

• Uniform superposition

𝜓 = 𝜓 1 ⊗ 𝜓 2

1

2
0 1 +

1

2
1 1 ⊗

1

2
0 2 +

1

2
1 2 =

Τ1 2 + 0.0𝑖

Τ1 2 + 0.0𝑖
⊗

Τ1 2 + 0.0𝑖

Τ1 2 + 0.0𝑖
=

0.5 + 0.0𝑖
0.5 + 0.0𝑖
0.5 + 0.0𝑖
0.5 + 0.0𝑖

2 2 𝑞𝑢𝑏𝑖𝑡𝑠 = 1 1 ⊗ 0 2 = 10 =
0
1

⊗
1
0

=

0
0
1
0

Product states
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Special states that cannot be written as Kronecker products of others

• Intuition: non-separable states, even if they represent two quantum states in a 
larger system, they are not independent (the measurement of one affects the 
other). You need at least 2 qubits

𝜓 ≠ 𝜓 1 ⊗ 𝜓 2

𝑐1 + 𝑐2𝑖
𝑐3 + 𝑐4𝑖

⊗
𝑐5 + 𝑐6𝑖
𝑐7 + 𝑐8𝑖

≠

0.5 + 0.0𝑖
0.0 + 0.0𝑖
0.0 + 0.0𝑖

0.5 + 0.0𝑖

𝜓 =

00
01
10
11

0.5
0
0

0.5

= 0.5 00 + 0.5 11

No setting of constants 𝑐1, … , 𝑐8 =
𝑐 8  can yield a Bell state

Maximally entangled state: Bell pair

Entangled states
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• The quantum system is in a linear combination of basis states
• For one qubit if 𝜓0 ≠ 1 or 𝜓1 ≠ 1 (e.g. “uniform” superposition state)

• For 2 qubits if 𝜓𝑖𝑗 ≠ 1 for any 𝑖, 𝑗 ∈ {0,1} (e.g., Bell pair)

𝜓 𝑞𝑢𝑏𝑖𝑡 = 𝜓0 0 + 𝜓1 1 =𝑒𝑔
|0⟩
|1⟩

0.5

0.5

𝜓 2 𝑞𝑢𝑏𝑖𝑡𝑠 =𝑒𝑔

00
01
10
11

0.25 + 0.50𝑖 00
0.25 − 0.25𝑖 01
0.50 + 0.50𝑖 10
0.00 − 0.25𝑖 11

= 0.25 + 0.50𝑖 00 + 0.25 − 0.25𝑖 01 + 0.50 + 0.50𝑖 10
+ 0.00 − 0.25𝑖 11

Superposition
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The “Exponentiality” of QM

• One qubit is fully described by its wavefunction, i.e., 2 complex numbers

• N qubits are fully described by their global wavefunction, a vector with 2N complex numbers 

(probability amplitudes)
|𝜓⟩𝑞𝑢𝑏𝑖𝑡 =  𝜓0|0⟩  +  𝜓1|1⟩

 |𝜓⟩2𝑞𝑢𝑏𝑖𝑡𝑠 =  𝜓00|00⟩  +  𝜓01|01⟩  +  𝜓10|10⟩  +  𝜓11|11⟩ 

 ≠  ( 𝜓0|0⟩  +  𝜓1|1⟩ )  ⊗ ( 𝜑0|0⟩  +  𝜑1|1⟩ )

  [if it is equal, then it is not entangled/separable]

 |𝜓⟩𝑁𝑞𝑢𝑏𝑖𝑡𝑠 
=  σ𝑛=1

2𝑁
𝜓n|n 𝑛 

(binary representation)

1. Source IEEE
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2265 ≈ estimated number of atoms in the 
Universe.

There is no way we can store the general 
wavefunction of even a processor with 
more than 60 qubits on earth, let alone 
process it!
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Quantum Coherent Operation
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• In quantum physics, the way a system changes state is through the Schrodinger 
equation.

• In QC, this means we can create a matrix (operator) to transform the states

• Since the state of a system of 𝑞 qubits has size ℂ2𝑞
 then the unitary matrix has 

size ℂ2𝑞×2𝑞

• Example 𝜓 =
0

−1
, 𝑈 =

1 0
0 −𝑖

ห ൿ𝜓𝐼 Δ𝑡 = 𝑇 exp −
𝑖

ℏ
න

0

Δ𝑡

෡𝐻𝑐
𝐼 𝑡 𝑑𝑡′ ห ൿ𝜓𝐼 0

ห ൿ𝜓𝑎
𝐼 = 𝑈ห ൿ𝜓𝑏

𝐼    where 𝑈 is a unitary matrix, 𝑈†𝑈 = 𝑈𝑈† = 1

𝑈 𝜓 =
0

−𝑖

𝑈𝑈 𝜓 =
0
1

𝑈𝑈𝑈 𝜓 =
0
𝑖

𝑈𝑈𝑈𝑈 𝜓 =
0

−1

Coherent Operations (Gates)
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• Quantum programs are often drawn as a 
score over a number of qubits. Gates appear 
as blocks in the score

• Note, in this 3 qubit example has a quantum 
state of size ℂ8, the gate 𝑈 is an ℂ8×8 matrix

• Time goes from left to right, and the gates 
are applied sequentially

• A gate-based quantum circuit or program 
consists of repeated applications of unitary 
gates

• You can have mid-circuit measurements, but 
outside the scope of this workshop Quantum Program

𝑈𝑛| … 𝑈2 𝑈1|𝜓⟩

Quantum Circuits
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Gates can be applied to a subset of qubits
Identity matrices expand the operation to all the qubits

𝐼 ⊗ 𝐼 ⊗ 𝑈|𝜓⟩

Quantum Circuits with few qubit gates
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For one qubit, the gates are matrices in ℂ2×2

• A basis of single-qubit unitaries: Pauli Gates

𝐼 =
1 0
0 1

, 𝑋 =
0 1
1 0

, 𝑌 =
0 −𝑖
𝑖 0

, 𝑍 =
1 0
0 −1

 

𝑋 gate also known as NOT gate because

𝑋 0 =
0 1
1 0

0
1

=
1
0

= 1 , 𝑋 1 =
0 1
1 0

1
0

=
0
1

= |0⟩

• Example: single qubit rotation around the X axis «transverse field»

𝑅𝑥 𝜃 ≡ 𝑒−𝑖
𝜃
2𝑋 = cos

𝜃

2
𝐼 − 𝑖 sin

𝜃

2
𝑋 =

cos 𝜃/2 −𝑖 sin 𝜃/2
−𝑖 sin 𝜃/2 cos 𝜃/2

• An arbitrary change can be decomposed in maximum 3 axis rotations (Euler)

𝑈 𝜃, 𝜙, 𝜆 =
𝑒−

𝑖 𝜙+𝜆
2 cos 𝜃/2 −𝑒−

𝑖 𝜙−𝜆
2 sin 𝜃/2

𝑒
𝑖 𝜙−𝜆

2 sin 𝜃/2 𝑒
𝑖 𝜙+𝜆

2 cos 𝜃/2

Single Qubit Control

1 Qubit Gates
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• Hadamard gate 𝐻  generates “uniform” superposition across basis states for 
one qubit

𝐻 =
1

2

1 1
1 −1

• Applied to each qubit (in a layer) creates a fully superposed state for all qubits

𝐻 0 =
1

2

1 1
1 −1

0
1

=
1/√2

1/√2
=

1

2
0 + 1

𝐻 1 =
1

2

1 1
1 −1

1
0

=
1/√2

−1/√2
=

1

2
0 − 1

Obtaining superposition
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• Single qubit gates are not sufficient to generate entanglement between quantum 
states!

We need at least 2-qubit gates which live in ℂ4×4

• Controlled Not (CNOT) or CX is one of the most common
• If control qubit is 0 then 𝐼 is applied to target qubit
• If control qubit is 1 then 𝑋 is applied to target qubit

    𝐶𝑋 =

1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

 
𝐶𝑋12 00 = |00⟩ 𝐶𝑋12 01 = |01⟩

𝐶𝑋12 10 = |11⟩ 𝐶𝑋12 11 = |10⟩

Control

Target

2 Qubits Gates
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Let’s prepare a Bell state using quantum gates from the |00⟩ state

𝜓 =

00
01
10
11

0.5
0
0

0.5

= 0.5 00 + 0.5 11

𝐻 =
1

2

1 1
1 −1

Obtaining entanglement
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• Examples of quantum programs

• In practice, one can usually not directly implement 
one single big unitary 𝑈

• How to write a matrix of size ℂ2𝑞×2𝑞
?

• Quantum Computers implement a limited set of 
gates (usually 1 and 2 qubit gates)

Quantum Computer program
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• There is a need for transpiling any desired unitary 
into gates supported by the hardware 

• Is this enough? Yes! One can have a universal gate-
set able to represent any unitary

• There are many and commercial quantum gate-
based computers implement at least one

Quantum Computer program
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Measurement
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For the purpose of quantum computing, the measurement operation is well defined 
in the processor, and its effect is taken as a postulate (the Born rule):

Probability to 
measure 0         
= 𝜓0

2 

Measurement

Final state is         
| ⟩𝜓

qubit
= | ⟩0

| ⟩𝜓
2qubit

= 𝜓00| ⟩00 + 𝜓01| ⟩01 +  𝜓10| ⟩10  +𝜓11| ⟩11  

Probability of measuring 11 is 𝜓11
2

If you think you understand quantum 
mechanics, you don't understand quantum 
mechanics.

From coherent superposition to collapse| ⟩𝜓 qubit = 𝜓0| ⟩0 + 𝜓1| ⟩1

Probability to 
measure 1         
= 𝜓1

2 

Final state is         
| ⟩𝜓

qubit
= | ⟩1

𝜓0
2 + 𝜓1

2 = 1

Measurement of a quantum state
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• When you “read” a qubit you get a basis state, 0 or 1, (not the ℂ2 state vector!)
• The amplitudes of the Quantum State (|𝜓⟩) determine the probability distribution of 

the bits you will observe
𝑝𝑠 = diagonal(|𝜓⟩⟨𝜓|)

• The goal of a quantum algorithm is to concentrate as much probability in the “right” 
basis vector (e.g., the solution of a combinatorial optimization problem)

𝜓 =
0
1

0.5

0.5
, 𝑝𝑠 =

|0⟩
|1⟩

0.5
2

0.5
2 =

|0⟩
|1⟩

0.5
0.5

𝜓 =

00
01
10
11

0.5
0
0

0.5

, 𝑝𝑠 =

00
01
10
11

0.5
0
0

0.5

𝜓 2 𝑞𝑢𝑏𝑖𝑡𝑠 =𝑒𝑔

00
01
10
11

0.25 + 0.50𝑖 00
0.25 − 0.25𝑖 01
0.50 + 0.50𝑖 10
0.00 − 0.25𝑖 11

, 𝑝𝑠 =

00
01
10
11

0.25 2 + 0.50 2

0.25 2 + −0.25 2

0.50 2 + 0.50 2

0.00 2 + −0.25 2

=

00
01
10
11

0.3125
0.1250
0.5000
0.0625

Measurement of a quantum state
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Interference
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In quantum mechanics, quanta exhibit both wave-like and particle-like properties.
When two or more quantum states are in superposition, their probability 
amplitudes can interfere constructively or destructively.

“A quantum computer is a device that exploits constructive and 
destructive interference among exponentially many amplitudes, which 
are numbers that are closely related to probabilities but can be positive, 
negative, or even complex.”
- Scott Aaronson

Interference in probability amplitudes
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• A quantum computer is UNIVERSAL if its instruction set allows the implementation of any algorithm 

allowed by quantum mechanics.

• Why you might want a Univesal Quantum Computer?

• Simulation of Quantum Systems

• Flexibility of implementation of multiple quantum algorithms

 (e.g. Grover and Shor)

(3) Exploit all the power of quantum mechanics

(4) Making sure that what you do is not classically simulatable efficiently

The time-evolution of the Ising model in a transverse field (Quantum Annealing as implemented in D-Wave) is 

NOT universal. However the general AQC procedure is universal (need more complex Problem and Driver 

Hamiltonians).
For quantum advantage in optimization heuristics, universality is not necessarily required (the final state we are 

searching is classical).

any | |’

Some quantum algorithm that I can program on the QPU

Universal Quantum Computing
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The gate-model is a simple way to break down the quantum 
coherent operations we use in quantum computing.

Reminder: every operation on a N qubit 
system is mathematically equivalent to 

multiplying a unitary matrix in ℂ2𝑞×2𝑞
 to a 

normalized vector.
= you cannot keep track numerically of the 
amplitudes of large circuits.

𝑈 = 𝑈𝐵𝐶𝑈𝐴𝐵| ⟩𝐴𝐵𝐶

𝑈𝐴𝐵| ⟩𝐴𝐵𝐶 = 𝜓00| ⟩00𝐶 + 𝜓01| ⟩01𝐶 + 𝜓10| ⟩10𝐶 + 𝜓11| ⟩11𝐶

𝑈𝐵𝐶𝑈𝐴𝐵| ⟩𝐴𝐵𝐶 = 𝜓00𝑈𝐵𝐶| ⟩00𝐶 + 𝜓01𝑈𝐵𝐶| ⟩01𝐶

 +𝜓10𝑈𝐵𝐶| ⟩10𝐶 + 𝜓11𝑈𝐵𝐶| ⟩11𝐶

                         = 𝜓000| ⟩000 + 𝜓001| ⟩001 + 𝜓010| ⟩010  

 +𝜓011| ⟩011 + 𝜓100| ⟩100  + 𝜓101| ⟩101
           +𝜓110| ⟩110 + 𝜓111| ⟩111

Gate-Model and Quantum Circuits
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Search over an unstructured database

• Classically, worst case is querying all elements
• Given: 
• Power-of-2 boxes, guarantee that solution 

(marked) is only in one place
• An operator that negates the probability of 

the solution state
𝑈𝜔 x = −|x⟩ if 𝑥 = 𝜔, 𝑈𝜔 x = |x⟩ otherwise
• Define Grover diffusion operator

• 𝑈𝑠 = 2|𝑠⟩⟨𝑠| − 𝐼 with 𝑠 =
1

𝑁
σ𝑖=0

𝑁−1 |𝑥⟩ (equal 

superposition)

Start with complete superposition 
(equiprobable states)

Apply for 𝑁 rounds 𝑈𝜔 and 𝑈𝑠

The Grover Algorithm
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Prepare                 Design Circuit                      Measure

Quantum Algorithms
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Quantum Incoherent Operation
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Incoherent Operations (Noise)

1. Source from IBM and D-Wave

September 21, 2026 63

• Final State after your algorithm if everything was 
coherent

|q qubits = 
෍

𝑛=1

2𝑞

n|solution(n) n 

• A random guess algorithm has |ψn=target|
2 ≈ 1/√2N

• A good algorithm has |ψn= target |
2 ≫ 1/√2N

BUT....

We are currently using Noisy-Intermediate-Scale QPUs 
(NISQ)

• The Shroedinger equation applies only approximately and 
for a limited time

• There is interaction with the environment, which is always 
on, and it is causing changes to the operations: 

→ some measurements happen at random due to the 
environment and destroy «partially» the wavefunction 
(decoherence)

→ Some control parameters are imprecise and yn ≈ yn + d

→ Theory of modeling of noise is very phenomenological
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Decoherence and Noise:
• Quantum information is sensitive to its 

environment, leading to decoherence and 
noise that can cause errors.

Error Rates:
• The high error rates in NISQ devices pose 

challenges for performing reliable and 
accurate quantum computations.

Limited Gate Fidelity:
• The fidelity of quantum gates may be limited, 

impacting the overall performance of 
quantum circuits.

Noisy Intermediate-Scale Quantum era
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Quadratic Unconstrained Binary Optimization and 
Ising Model: History
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Discovery by Curiosity
In 1895, Pierre Curie (Nobel Prize 1903) found that heating a 
magnet can cause it to lose its magnetism, i.e., cause a “phase
transition”.
• But Why? Nature prefers the least energy states. 

• Why such a sudden change?

Model
1920 - Lenz presents model for energy states of discrete particles
1925 - Lenz’s student, Ising, solved a special 1-D case of the model
1940 - Onsager (Nobel Prize 1968) solved the 2-D case
2000 - Istrail shows that 3-D case is NP-Hard

General lesson
1971 - Wilson (Nobel Prize 1982), universality:
systems with the same number of dimensions and symmetries go 
through the same phase transitions

The Ising model is the simplest model in theory space that captures properties of several interacting 
systems like magnets, water etc.

Quadratic unconstrained binary opt 
(QUBO) is a discrete nonlinear opt subcase

What is an Ising problem? Why is it relevant here?
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Spin are subject to thermal fluctuations and can 
be up or down

Depending on the temperature the fluctuations 
have macroscopic properties of symmetry 

(“thermodynamic phases”) which are 
encapsulated in the value of an order parameter 

(“magnetization”)

𝐻 = − ෍

𝑖,𝑗

𝐽𝑖,𝑗 𝜎𝑖𝜎𝑗 −  ෍

𝑗

ℎ𝑗𝜎𝑗

Ising Model Magnetic Phenomenology
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Quadratic Unconstrained Binary Optimization and 
Ising Model:
Solvers
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“Solving the Model”
• Physicists: identifying thermodynamics expectation values (find the distribution of 

solutions/energies)

• Optimizers: find the actual variable values that minimizes the objective function (find 
the ground state)

How to solve the Ising model? With an Ising solver!
• Ising solver? End-to-end solution method including software/algorithms and 

hardware/machines

• Classical Thermal Annealing

• Other classical algorithms
• MIP or Physics-inspired classical algorithms

• Hardware solution-based methods
• Coherent Ising Machines, GPU, CMOS, …

• Quantum Approaches
• Quantum Annealing

• Hybrid Quantum-Classical Algorithms

• Variational Quantum Algorithms – QAOA, VQE

Solving an ISING/QUBO problem
What is it? How?
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Concept coming from annealing in metallurgy

Slow cooling allows for perfect crystals (minimizing energy)

Start at effective high temperature and gradually decrease the 
temperature by increments until is slightly above zero

Interesting behavior:

- “Divide-and-conquer”: Big features are solved early in the search 
and small features later while refining

- Ability to escape local-minima
- Guaranteed to reach lowest energy if temperature is lowered 

slowly enough

Simulated Annealing
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[1] Scott Kirkpatrick, C Daniel Gelatt, and Mario P Vecchi. Optimization by simulated annealing.Science,220(4598):671–680, 1983.

Ising model as Markov-Chain

• The immediate probability 𝑃 𝝈𝑐 , 𝛽 = ൗ𝑒−𝛽𝐻(𝝈𝑐) 𝑍(𝛽) of transitioning to a future state 

𝝈𝑓 depends only in the current state 𝝈𝑐 = 𝜎1
𝑐 , ⋯ , 𝜎𝑁

𝑐

• Given single flip dynamics, we can jump from any state to another.• Metropolis-Hastings Monte Carlo Algorithm for Ising Models

• Start with a known configuration, 𝝈𝑖 = 𝜎1
𝑖 , ⋯ , 𝜎𝑁

𝑖  corresponding   energy, 𝐻 𝝈𝑖  
and temperature value 𝑇 = 𝑘𝐵𝛽 −1 

• Randomly change the configuration
• Flip some spins 𝝈𝑖  → 𝝈𝒋

3) Calculate new energy value 𝐻 𝝈𝒋  
4) Compare to energy at previous position

• If , 𝐻 𝝈𝒋 < 𝐻 𝝈𝒊  keep new position
• If , 𝐻 𝝈𝒋 > 𝐻 𝝈𝒊  keep new position if Boltzmann factor for transition 

satisfies exp −
𝐻 𝝈𝒋 −𝐻 𝝈𝒊

𝑘𝐵𝑇
≥ Rand 0, 1

• Repeat 2) - 4) 𝐾times

Ising Model – Monte Carlo, Physics Inspired Methods
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- For a sufficiently large number of steps, the spin system will reach “thermalization” and 

therefore, configurations are sampled accordingly to the Gibbs distribution.

- Starting from high temperature and then slowly reducing it, the system will eventually thermalize 

at any given temperature and therefore, sample the ground state.

Configuration Landscape

E
n

e
rg

y

Using the Metropolis-Hasting algorithm to 

compute the transition probability 𝑝(𝜎’|𝜎) , 

preserving both the detailed balance and 

ergodicity of the system, would eventually 

drive the system to a given stationary 

distribution 𝑝(𝜎).

[1]Mandra, S. Lecture on Ising Models, 2021.

Simulated Annealing - Details
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Configuration Landscape

E
n

e
rg

y

𝐴exchange = min 1, 𝑒Δ𝛽Δℋ

Advaced Simulated Annealing – Parallel Tempering
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Quadratic Unconstrained Binary Optimization and 
Ising Model:
Equivalences
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• Starting from Ising Problem without external field

• where the set 𝑉+ (𝑉−) are all the vertices with 𝜎 = +1 (𝜎 = −1) and their boundary (cut) 
is denoted by 𝛿(𝑉+)  

• Now consider that the graph has weighted edges 𝑊𝑖𝑗

Then the size of the cut is 𝛿(𝑉+) =
1

2
σ 𝑖,𝑗 ∈𝛿(𝑉+) 𝑊𝑖𝑗

Therefore we obtain 𝐻 𝜎 = σ 𝑖𝑗 ∈𝐸(𝐺) 𝑊𝑖𝑗 − 4 𝛿(𝑉+)

• When minimizing the Ising model, we are finding the maximum cut of the graph

   min𝜎𝐻 𝜎 = σ 𝑖𝑗 ∈𝐸(𝐺) 𝑊𝑖𝑗 + 4max𝜎 𝛿(𝑉+)

+1

+1

+1

-1

-1

Constant of the problem, easy to 
compute

Optimization value of the choice 
made for the spins

𝐻 𝜎 = − ෍

𝑖𝑗 ∈𝐸 𝐺

𝐽𝑖𝑗𝜎𝑖𝜎𝑗  

 = − ෍

𝑖𝑗 ∈𝐸 𝑉+

𝐽𝑖𝑗 − ෍

𝑖𝑗 ∈𝐸 𝑉−

𝐽𝑖𝑗 + ෍

𝑖𝑗 ∈𝛿 𝑉+

𝐽𝑖𝑗

 = − ෍

𝑖𝑗 ∈𝐸 𝐺

𝐽𝑖𝑗 + 2 ෍

𝑖𝑗 ∈𝛿 𝑉+

𝐽𝑖𝑗

MaxCut
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With 𝑄𝑖𝑗 = 4𝐽𝑖𝑗 , 𝑄𝑖𝑖 = 2ℎ𝑖 − σ𝑗∈𝑉 𝐺 2𝐽𝑖𝑗 + 2𝐽𝑗𝑖 , 𝑐 = σ𝑖<𝑗 𝐽𝑖𝑗 − σ𝑖∈𝑉 𝐺 ℎ𝑖

 𝐽𝑖𝑗 = Τ𝑄𝑖𝑗 4 , ℎ𝑖 = Τ𝑄𝑖𝑖 2 + σ𝑗∈𝑉(𝐺) Τ𝑄𝑖𝑗 4 + Τ𝑄𝑗𝑖 4 , 𝑐𝐼 = 𝑐𝑄 + σ𝑖<𝑗 Τ𝑄𝑖𝑗 4 −

σ𝑖∈𝑉 𝐺 Τ𝑄𝑖𝑖 2

EXERCISE: put this in 
ILP form introducing 

the variable 𝑥𝑖𝑗 = 𝑥𝑖𝑥𝑗  

Starting from the minimization of the Ising Model 

 min𝜎∈ −1,+1 𝑛𝐻 𝜎 = min𝜎∈ −1,+1 𝑛 σ 𝑖𝑗 ∈𝐸(𝐺) 𝐽𝑖𝑗𝜎𝑖𝜎𝑗 + σ𝑖∈𝑉(𝐺) ℎ𝑖𝜎𝑖

We can directly pose this problem as a Quadratic Unconstrained Binary 
Optimization (QUBO).

 min𝜎∈ −1,+1 𝑛 σ 𝑖𝑗 ∈𝐸(𝐺) 𝐽𝑖𝑗𝜎𝑖𝜎𝑗 + σ𝑖∈𝑉(𝐺) ℎ𝑖𝜎𝑖 =

 min𝐱∈ 0,1 𝑛 σ 𝑖𝑗 ∈𝐸(𝐺) 𝑥𝑖𝑄𝑖𝑗𝑥𝑗 + σ𝑖∈𝑉(𝐺) 𝑄𝑖𝑖𝑥𝑖 + 𝑐
𝜎𝑖 = 2𝑥𝑖 − 1

 𝜎𝑖𝜎𝑗 = 4𝑥𝑖𝑥𝑗 − 2𝑥𝑖 −

2𝑥𝑗 + 1

𝑥𝑖 = Τ(𝜎𝑖+1) 2
𝑥𝑖𝑥𝑗

= Τ(𝜎𝑖𝜎𝑗 + 𝜎𝑖 + 𝜎𝑗 + 1) 4

From Ising to Quadratic Binary Unconstrained (QUBO)
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Offset 𝒄
o Irrelevant for optimization

Quadratic coefficient matrix 𝐐
o Can be either upper triangular or complete 𝑥𝑖𝑥𝑗 = 𝑥𝑗𝑥𝑖

o Elements on diagonal can be linearized 𝑥𝑖
2 = 𝑥𝑖  if 𝑥𝑖 ∈ {0, 1} 

o Represents adjacency matrix of a problem

In terms of IP it would be a

• Non-convex Integer Nonlinear Program

Quadratic Unconstrained Binary Optimization

 min𝐱∈ 0,1 𝑛 σ 𝑖𝑗 ∈𝐸(𝐺) 𝑥𝑖𝑄𝑖𝑗𝑥𝑗 + σ𝑖∈𝑉(𝐺) 𝑄𝑖𝑖𝑥𝑖 + 𝑐

               = min𝐱∈ 0,1 𝑛𝐱T𝐐𝐱 + 𝑐

Quadratic Unconstrained Binary Optimization model
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Quadratic Unconstrained Binary Optimization and 
Ising Model:
Mapping constrained Optimization
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• Example: Binary Linear Programming

 min𝐱∈ 0,1 𝑛𝐱T𝐐𝐱 + 𝑐

 𝑠. 𝑡. 𝐀𝐱 = 𝐛

• We can write the energy function in two terms 𝐻 = 𝐻𝐴 + 𝐻𝐵

o Constraint satisfaction (𝐻𝐴 = 0)

     𝐻𝐴 = 𝜌 σ𝑗=1
𝑚 (σ𝑖=1

𝑛 𝐴𝑖𝑗𝑥𝑖 − 𝑏𝑗
2

o Objective function

 𝐻𝐵 = σ𝑖=1
𝑛 𝑐𝑖𝑥𝑖

• How to determine the penalty? Guarantee that the minimal >0 value for 𝐻𝐴 is larger than 
the gap between the ground state of HB and the minimum energy that satisfies the 
constraint (unknown – but can be bound) 

Objective Function to be 
optimized

Hard Constraint
min(𝐻)         𝐻𝐴 =
0

Penalty Coefficient

Note: This is known as augmented Lagrangian (see 1st lecture)

Linear Equality Constraints
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Any pseudo-Boolean function defined as
𝑓: 0,1 𝑛 ⟼ ℝ

• Can be written uniquely as a sum of multilinear functions

 𝑥𝑖𝑗 = 𝑥𝑖𝑥𝑗 𝑓 𝑥 = 𝑎0 + σ𝑖 𝑎𝑖𝑥𝑖 + σ𝑖𝑗 𝑎𝑖𝑗𝑥𝑖𝑥𝑗 + σ𝑖𝑗𝑘 𝑎𝑖𝑗𝑘𝑥𝑖𝑥𝑗𝑥𝑘 + ⋯

• We can transform any binary polynomial into a quadratic polynomial by introducing new 
variables as we 

• Naive example: 

o Using linear inequalities

•  𝑥𝑖𝑗 ≥ 𝑥𝑖 + 𝑥𝑗 − 1, 𝑥𝑖𝑗 ≤ 𝑥𝑖 , 𝑥𝑖𝑗 ≤ 𝑥𝑗

o Using a polynomial expression as penalty (gadget)

 𝐻 𝐱 = 3𝑥𝑖𝑗 + 𝑥𝑖𝑥𝑗 − 2𝑥𝑖𝑗𝑥𝑖 − 2𝑥𝑖𝑗𝑥𝑗

3

1

-2-2

Usually called ancillary variables 𝒙𝒊 𝒙𝒋 𝒙𝒊𝒋 𝒙𝒊𝒙𝒋 𝑯(𝒙)

1 1 1 1 0

1 1 0 1 1

1 0 1 0 1

1 0 0 0 0

0 1 1 0 1

0 1 0 0 0

0 0 1 0 3

0 0 0 0 0

Polynomial Unconstrained Binary
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• How to transform general Integer Programs into Binary programs?

𝑦 ∈ 0, ⋯ , ത𝑦 ⊆  ℤ

• In general, with a width of the integer encoding 𝒅

𝑦 =  ෍
𝑗=1

𝑑

𝑘𝑗𝑥𝑗 = 𝐤T𝐱 , 𝑘𝑗 ∈ ℤ+, 𝑥𝑗 ∈ {0,1}

o Unary encoding 𝑘𝑗 = 1, 𝑑 = ത𝑦
o Binary encoding 𝑘𝑗 = 2𝑗−1, 𝑑 = log2( ത𝑦)
o Bounded encoding

• We can find an encoding with an upper bound for the coefficients 𝜇 ≪ ത𝑦

  if ഥ 𝑦 < 2 log(𝜇)                               if ഥ 𝑦 > 2 log(𝜇)       

N bits for 1…N
Min precision req

log2(N) bits for 1…N
max precision req

From Integers to Bits
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For linear equality constraints

Inequality constraints:

𝐀𝐱 ≤ 𝐛
𝐀𝐱 − 𝐛 ≤ 𝟎
𝐀𝐱 + 𝐬 − 𝐛 
= 𝟎

“slack variable”
Free variable that 
can take any value 
from zero to 𝑏

As long as Ax ≤  b 
there is one value of s 
that satisfies the 
equality constraint

Typical situation in mappings:
(e.g. knapsack problem)

From integers to bits

𝐻𝐴 =  𝜌 σ𝑗=1
𝑚 σ𝑖=1

𝑛 𝐴𝑖𝑗𝑥𝑖 − 𝑏𝑗
2

𝑠. 𝑡. 𝐀𝐱
= 𝐛

σ𝑖 𝑥𝑖 ≤ M
σ𝑖 𝑥𝑖 + σ𝑗 𝑚𝑗𝑦𝑗 =

M𝐻𝐴 = 𝜌൫

൯

σ𝑖 𝑥𝑖 + σ𝑗 𝑚𝑗𝑦𝑗 −

M
2

Linear Inequality Constraints
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A Julia Ecosystem for Ising and QUBO optimization
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What do our Julia packages do?
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Outcome:
We provide the fastest and most complete 
reformulator of traditional optimization problems to 
Ising/QUBO as an open-source software

How do our Julia packages perform?
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We’re using JuPyteR notebook hosted in GitHub
https://github.com/SECQUOIA/QUBONotebooks 

You can access them directly using Google Colab.
For code written in Julia and that uses the JuMP package
https://colab.research.google.com/github/JuliaQUBO/QUBONotebooks/blob/main/notebooks_jl/2-QUBO.ipynb

If you feel strongly against Julia, there is a second notebook using Python and the package Pyomo
https://colab.research.google.com/github/JuliaQUBO/QUBONotebooks/blob/main/notebooks_py/2-

QUBO_python.ipynb 

Let’s jump back to the Colab
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1- Click on “Sign up”

Create D-WAVE (Leap) account
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2. Follow the steps

Create D-WAVE (Leap) account
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7-  Verify your email address

Create D-WAVE (Leap) account
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8- Confirm your registration

Create D-WAVE (Leap) account
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9- Log in

Create D-WAVE (Leap) account
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10- Enjoy!

Create D-WAVE (Leap) account
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Why?
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“Solving the Model”
• Physicists: identifying thermodynamics expectation values (find the distribution of 

solutions/energies)

• Optimizers: find the actual variable values that minimizes the objective function (find 
the ground state)

How to solve the Ising model? With an Ising solver!
• Ising solver? End-to-end solution method including software/algorithms and 

hardware/machines

• Classical Thermal Annealing

• Other classical algorithms
• MIP or Physics-inspired classical algorithms

• Hardware solution-based methods
• Coherent Ising Machines, GPU, CMOS, …

• Quantum Approaches
• Quantum Annealing

• Hybrid Quantum-Classical Algorithms

• Variational Quantum Algorithms – QAOA, VQE

Solving an ISING/QUBO problem
What is it? How?

21 September 2026 Quantum Computing for Operations Research 94

1. Mohseni, Naeimeh, Peter L. McMahon, and Tim Byrnes. "Ising machines as hardware solvers of combinatorial optimization problems." Nature Reviews Physics 4.6 (2022): 363-379.



© David E. Bernal Neira

Let’s say I want to solve the next problem (PUBO)

min
𝑥

𝐸(𝑥)

= min
𝑥

෍

𝑖

𝑐𝑖𝑥𝑖 + ෍

𝑖,𝑗

𝑐𝑖𝑗𝑥𝑖𝑥𝑗 + ෍

𝑖,𝑗,𝑘

𝑐𝑖,𝑗,𝑘𝑥𝑖𝑥𝑗𝑥𝑘 + ⋯

s. t.  𝑥𝑖 ∈ 0,1 , ∀𝑖 ∈ 1, … , 𝑛 = 𝑛

|𝜓⟩ =

00
01
10
11

𝜓00

𝜓01

𝜓10

𝜓11

=𝑒𝑔

0.0 + 0.0𝑖
0.0 + 0.0𝑖
1.0 + 0.0𝑖
0.0 + 0.0𝑖

= 10

Convert this classical 
function 𝐸(𝑥) into a unitary 
operator 𝑈

Solution space of the optimization problem maps 
directly into the basis vectors of quantum state

Why Binary Unconstrained in Quantum?
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• We have our QUBO

min
𝑥

𝐸(𝑥) = min
𝑥

෍

𝑖

𝑐𝑖𝑥𝑖 + ෍

𝑖,𝑗

𝑐𝑖𝑗𝑥𝑖𝑥𝑗

s. t.  𝑥𝑖 ∈ 0,1 , ∀𝑖 ∈ 1, … , 𝑛 = 𝑛

• We only need nearest neighbor interaction for representing the energy:
“Easy” in current quantum hardware, e.g., 1 and 2 qubit gates

Why QUBO in Quantum?
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Quantum Adiabatic Algorithm
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Quantum Adiabatic Algorithm

• Switch on a quantum interaction in your system

• From possible energies of your quantum system set the 

state to a well-defined energy ranked nth in order of 

magnitude (e.g. the smallest) 

• Allow the system to evolve (aka Schrödinger evolution no 

measurement! no noise! T=0K !) that changes the energy 

states «sufficiently slow».

• Measure the energy of the state. You will find with 100% 

probability that the energy is ranked also nth

• Adiabatic evolution (e.g. slow Schrödinger) preserves the energy ranking of your 
system.

• The smallest energy state (ground state) also maps into the ground state at the end.

“Adiabaten hypothese”: “If a system be affected in a 
reversible adiabatic way, allowed motions are transformed 
into allowed motions” (Einstein, 1914).

Quantum Adiabatic Algorithm
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Quantum Adiabatic Algorithm (QAA)
• Adiabatic evolution preserves energy ranking of states
• Start evolution from system at ground-state
• Evolve system adiabatically to one that encodes optimization 

problem
Quantum Annealing
• They run a single quantum algorithm
• Physical implementation of idealized QAA
• Analog computation
• D-Wave quantum annealer is the best-known example
Myriad of physical or Physics-inspired methods
• Coherent Ising Machines, Simulated Bifurcation Machines, 

Digital annealers, …

Retrieved from www.dwavesys.com/ 

Solving ISING/QUBOs using Quantum Computing 
How?
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Problem Hamiltonian 𝑯𝑪 
• From an objective function we can construct a 

Hamiltonian on 𝑛 qubits by replacing 𝐱 ∈ 0,1 𝑛 
with 𝐳 ∈ −1, +1 𝑛 obtaining a polynomial

𝑓 𝐳

= ෍

𝒞⊂ 1,…,𝑛

𝛼𝒞 ෑ

𝑗∈𝒞

𝑧𝑗 =𝑒.𝑔. 𝑧1𝑧2 + 2𝑧2𝑧3 + 3𝑧3𝑧1 + 2𝑧1

• We replace the Pauli Z operator on qubit 𝑖 𝜎𝑖
𝑧 for 

each 𝑧𝑖 variable leading to
𝐻𝐶 =

σ𝒞⊂ 1,…,𝑛 𝛼𝒞 ⊗𝑗∈𝒞 𝜎𝑗
𝑧 =𝑒.𝑔.

1 0
0 −1 1

⊗
1 0
0 −1 2

+  

2
1 0
0 −1 2

⊗
1 0
0 −1 3

+

3
1 0
0 −1 3

⊗
1 0
0 −1 1

+ 2𝜎1
𝑧

=

       

8 0 0 0 0 0 0 0
0 −2 0 0 0 0 0 0
0 0 2 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 −4 0 0 0
0 0 0 0 0 −2 0 0
0 0 0 0 0 0 −6 0
0 0 0 0 0 0 0 4

Mapping classical problems to Quantum Hamiltonians
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Quantum Annealing
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• (1) Map objective function into energy of a quantum Ising 
system

𝐻𝑝 = ෍

𝑖𝑗

𝐽𝑖𝑗𝜎𝑍
𝑖 ⨂𝜎𝑍

𝑗
+ ෍

𝑖

ℎ𝑖𝜎𝑍
𝑖

• (2) Start from easy problem to solve with known solution

• (3) Do any Schrödinger evolution (no measurement! No 
noise!)
that changes the energy states «sufficiently slow».

• How slow? It depends on the problem, on HD and on the 
Annealing Schedule 

• No way to predict efficiently. Try!

𝐻|𝑠1𝑠2 … 𝑠𝑁⟩  =  𝐸𝑁| 𝑠1𝑠2 … 𝑠𝑁 
⟩ 

exp 𝑖𝐻  |𝑠1𝑠2 … 𝑠𝑁⟩  

=  𝑒𝑖𝐸𝑁
 
|𝑠1𝑠2 … 𝑠𝑁⟩

(transverse field)

𝑅𝑥(𝜋/2)|0⟩ = |1⟩
𝑅𝑥(𝜋/2)|1⟩ = |0⟩

If this field is always on and constant the minimum energy state is the all-superposed state
𝐻𝐷

= 𝛤 ෍

𝑖

𝜎𝑋
𝑖

| ⟩Ψ 𝑁𝑞𝑢𝑏𝑖𝑡𝑠

=
1

2𝑁
෍

𝑛=1

2𝑁

| ⟩𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛(𝑛)

𝑋 =
0 1
1 0

,    𝑌 =
0 −𝑖

−𝑖 0
,   𝑍 =

1 0
0 −1

 

𝑯 = 𝑨 𝒕 𝑯𝑫 + 𝑩 𝒕 𝑯𝒑

The Quantum Adiabatic Algorithm for Ising Machines
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Quantum annealing à la D-Wave
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• Parameter Setting

Energy Landscape Before embedding

෍

𝑗∈𝜀(𝑖)

ℎ𝑗
′ = ℎ𝑖

෍

𝑗1∈𝜀 𝑖1

෍

𝑗2∈𝜀 𝑖2

𝐽𝑗1𝑗2

′ = 𝐽𝑖1𝑖2 𝐽𝑗1𝑗2

′ < ℎ𝑖 − ෍

𝑘=1

𝑛

|𝐽𝑖𝑗|

• Topological Embedding

(nH hardware qubits) 
 (nP logical bits)

Assign “colors” to 
connected sets of qubits

𝜀 𝑖 : 1, … , 𝑛𝐿

→ 2 1,…,𝑛𝑃

To solve an arbitrary Ising problem its 
interaction graph must be embedded in a 
hardware graph. 
Why? Quantum Annealer minimizes energy of 
an Ising spin problem whose interactions lie in 
the edges of a graph limited by hardware

Minor Embedding
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• Systematic Rule for 
Embedding

• Quadratic overhead
C16 Chimera graph in D-Wave 
2000Q. 16x16 unit cells, each 
cell is a K4,4 bipartite graph

Minor Embedding of a fully connected graph
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Penalizing the new constraint we obtain

𝜌 multiplier known as Chain strength

Classical example of minor-embedding 
of triangular graph into square-graph [2]min

𝐳∈ −1,+1 3
𝑧1𝑧2 + 𝑧2𝑧3 + 𝑧3𝑧1

min
𝐲∈ −1,+1 3

𝑦1𝑦2 + 𝑦2𝑦3 + 𝑦3𝑦4

s. t. 𝑦1 = 𝑦4

min
𝐲∈ −1,+1 3

𝑦1𝑦2 + 𝑦2𝑦3 + 𝑦3𝑦4 + 𝜌 𝑦1 − 𝑦4
2

min
𝐲∈ −1,+1 3

𝑦1𝑦2 + 𝑦2𝑦3 + 𝑦3𝑦4 − 𝜌𝑦1𝑦4

𝜌
• Proposal: Make it a factor of the 𝑄 

coefficients

Chains are stable

Chains 
can break

Maintain original problem

Can dilute other 
coefficients

Minor Embedding - Example
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1. [1] https://arxiv.org/pdf/1810.01440.pdf
2. [2] https://www.dwavesys.com/sites/default/files/14-1020A-A_Virtual_Graphs_for_High_Performance_Embedded_Topologies.pdf
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Ferromagnetic Coupling 
𝒇(𝑺𝟏, 𝑺𝟐)  =  −𝑱𝑭  

𝒔𝟏 𝒔𝟐

𝒇(𝑿𝟏, 𝑿𝟐) =  −𝟒𝑱𝑭(−𝑿𝟏 − 𝑿𝟐 + 𝑿𝟏𝑿𝟐 )

What is the correct 𝐽𝐹 ?

1 1 1 1

1 1 1 1 1 1

Energy=ε+ε
kink

Energy
=ε

-
1

-
1

Majority Voting

Sp … 𝐽𝐹

Unembedding
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1. Not too large, not too small. Trial and error. 
2. (See Venturelli et al. https://journals.aps.org/prx/abstract/10.1103/PhysRevX.5.031040)

https://journals.aps.org/prx/abstract/10.1103/PhysRevX.5.031040
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From our main example

And embed it into a Chimera graph (subgraph of the 
Chip)

Notice that we need to “duplicate” certain variables into 
several qubits
This step is non-trivial:
Either use heuristic methods or solve highly 
constrained problem

Minor Embedding - Example
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We are finally going to run on Quantum devices!

https://github.com/SECQUOIA/QUBONotebooks/blob/main/notebooks_py/4-DWAVE_python.ipynb 

First things first – Colab notebook
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https://github.com/SECQUOIA/QUBONotebooks/blob/main/notebooks_py/4-DWAVE_python.ipynb
https://github.com/SECQUOIA/QUBONotebooks/blob/main/notebooks_py/4-DWAVE_python.ipynb
https://github.com/SECQUOIA/QUBONotebooks/blob/main/notebooks_py/4-DWAVE_python.ipynb
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Sp

Pause 
time

Time for annealing
reversal timeFirst pause time

These are all parameters that 
influence performance.

Only for elegant problems they can be derived ab-initio. In the real world you have some 
physics guidance for best guess then you use a heuristics to find them

Relevant literature to understand performance on pause parameters.

Paused annealing

Annealing Schedule Parameters
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Empirical performance advantages [1]

Limited by size and connectivity

Understood as Heuristic methods

Quantum Annealing Gate-based computing (QAOA)

Interesting theoretical guarantees

Even more limited by size and noise

Approximation algorithms

For quite general problems 
(MAXCUT 3-reg-degree 
graphs) provides provably 
better approximation ratio 
than random guessing [2].

For a particular problem (SAT 
E3Lin2), QAOA provided the 
best approximation ratio [3].

Solving ISING/QUBOs via Quantum Computing
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1. https://arxiv.org/pdf/2210.04291.pdf
2. https://arxiv.org/pdf/1411.4028.pdf
3. https://arxiv.org/pdf/1709.03489.pdf
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Thanks to Davide Venturelli from USRA and NASA QuAIL and many more for 
inspiration for these slides!

Gate-based computers QAOA
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Recipe for solving discrete optimization problems with 
gate-based computers
• Map the optimization problem to QUBO/Ising
• Assign variable in QUBO/Ising to a qubit in a system.
• Apply a circuit, aiming to maximize the probability of 

measuring the optimal solution of the problem. 
• Measure the state with output as qubit values.
• These values yield the optimal solution with some 

probability
• Repeat this procedure several times and return the 

best-found solution

Proposal: Quantum Alternating 
Optimization Ansatz (QAOA)

Variational algorithm for the 
QUBO/Ising problem and inspired in 
QAA

Quantum Optimization for discrete optimization
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• Quantum Approximate Optimization Algorithm: review and status

• The «Quantum Alternating Operator Ansatz»
• Mixing Operators
• Examples

• Compiling and Executing
• The gate synthesis problem
• Review of compilation methods
• Compiling framework in nearest-neighbor architectures 

▪ Quantum Approximate Optimization with Hard and Soft Constraints. Hadfield, S., Wang, Z., Rieffel, E. G., 

O'Gorman, B., Venturelli, D., & Biswas, R. (2017, November). In Proceedings of the Second International Workshop on Post Moores Era 
Supercomputing (pp. 15-21). ACM.

▪ From the quantum approximate optimization algorithm to a quantum alternating operator Ansatz 
Hadfield, S, Z. Wang, B. O'Gorman, E. G. Rieffel, D. Venturelli, and R. Biswas. arXiv preprint arXiv:1709.03489 (2017). Algorithms (2019).

• Best Paper Award MDPI Algorithms Journal

READING LIST

QAOA Tutorial Outline
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• Gate-based quantum algorithm for QUBO 
optimization

• Iteratively alternates p times between applying two 
sets of operators: Mixing and Phase Shifting/Driving

• Induce entanglement and the objective function
• Requires as many qubits as the size of the problem
• Requires polynomially many gates compared to the 

problem size
• Is an approximation algorithm:
• One can theoretically prove that solution to any problem 

within a certain class using this algorithm will always be in 
a range (approximation ratio) of the true optimal

• For MAXCUT of regular 3-degree graphs QAOA with p=1 has approximation ratio of 0.6942 vs. 2/3 of random guessing.
• For a satisfiability problem E3Lin2, QAOA with p=1 gave the best approximation ratio at the point.

Quantum Approximate Optimization Algorithm

21 September 2026 Quantum Computing for Operations Research 115

1. Quantum approximate optimization of the long-range Ising model with a trapped-ion quantum simulator
2. Guido Pagano, Aniruddha Bapat, Patrick Becker, Katherine S. Collins, Arinjoy De, Paul W. Hess, Harvey B. Kaplan, Antonis Kyprianidis, Wen Lin Tan, Christopher Baldwin, Lucas T. Brady, Abhinav Deshpande, Fangli Liu, 

Stephen Jordan, Alexey V. Gorshkov, Christopher Monroe
3. Proceedings of the National Academy of Sciences Oct 2020, 117 (41) 25396-25401; DOI: 10.1073/pnas.2006373117
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Origins of the QAOA

21 September 2026 Quantum Computing for Operations Research 116

𝑄𝑝 𝜷, 𝜸  =  𝑈M 𝜷𝑝 𝑈P 𝜸𝑝  ⋯ 𝑈M 𝜷1 𝑈P 𝜸1

𝜷, 𝜸  =  𝑄𝑝 𝜷, 𝜸 𝑠

𝐹𝑝 𝜸, 𝜷  = 𝜸, 𝜷  𝐶 𝜸, 𝜷

𝑀𝑝  =  max
𝜸,𝜷

𝐹𝑝 𝜸, 𝜷 lim
𝑝→∞

𝑀𝑝  =  max
𝑧

𝐶 𝑧

𝑀𝑝  ≥  𝑀𝑝−1
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• Design a binary optimization classical Hamiltonian (“phase separation”)
• Design a unitary operator that can connect and allow jumps between different states (“mixing”)
• Prepare a QAOA state for some parameters

• Measure the state in the computational value and compute the exp. value of C(z)

• Change the parameters if they are not proven optimal and repeat 3-4

QAOA
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𝐹𝑝 𝜸, 𝜷  = 𝜸, 𝜷  𝐶 𝜸, 𝜷

𝑄𝑝 𝜷, 𝜸  =  𝑈M 𝜷𝑝 𝑈P 𝜸𝑝  ⋯ 𝑈M 𝜷1 𝑈P 𝜸1

𝜷, 𝜸  =  𝑄𝑝 𝜷, 𝜸 𝑠

𝑀𝑝  =  max
𝜸,𝜷

𝐹𝑝 𝜸, 𝜷 lim
𝑝→∞

𝑀𝑝  =  max
𝑧

𝐶 𝑧

𝑀𝑝  ≥  𝑀𝑝−1
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Associate one qubit to each qi

Initialize the registers 
in a superposition of all 
possible bitstring 

𝜓 𝑖𝑛

= 2 ൗ𝑁
2

−1
෍

𝑆
|𝑠⟩

Assign to each superposed solution a 
phase proportional (arbitrary 
parameter 𝛾1)
to its objective function value

𝜓 𝑝𝑠 1 = 2 ൗ𝑁
2

−1
෍

𝑆
𝑒𝑖𝛾1𝐸𝑆|𝑠⟩

Phase separate again with new 𝛾2

After having repeated the algorithm 
𝑝 times do measure in the 
computational base the expectation 
value of the objective function

𝜓 O 𝜓 𝑜𝑢𝑡 = ෍
𝑠

O𝑠 B𝑝𝑠
2

Mix the amplitudes by a 
transverse field rotation 
exp(𝑖𝛽𝑋) on each qubit
(arbitrary parameter)
𝜓 𝑚𝑖𝑥 1

= 2 ൗ𝑁
2

−1
෍

𝑆
B1𝑠(𝛽1, 𝛾1)𝑒𝑖Γ1𝑠 (𝛽1,𝛾1) |𝑠⟩

000
001
010
011
111
110
101
100

𝜓 𝑝𝑠 2

= 2 ൗ𝑁
2

−1
෍

𝑆
B1𝑠(𝛽1, 𝛾1)𝑒𝑖 Γ1𝑠 (𝛽1,𝛾1)+𝛾2𝐸𝑆 |𝑠⟩

𝜓 𝑚𝑖𝑥 2

= 2 ൗ𝑁
2

−1
෍

𝑆
B2𝑠(𝛽1, 𝛾1, 𝛽2, 𝛾2)𝑒𝑖 Γ2𝑠 (𝛽1,𝛾1,𝛽2,𝛾2) |𝑠⟩

Vanilla QAOA
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Initialization operator

Phase separation 
operator dependent on a 
parameter 𝛾1

𝜓 𝑖𝑛 =
1

2𝑁
෍

𝑛=1

2𝑁

|solution(n)

= 2 ൗ𝑁
2

−1
෍

𝑆
|𝑠⟩

Hadamard Gates

U
P

S
(γ

1
)

U
in

it

U
m

ix
(b

p
)

exp 𝑖𝛽𝑍1𝑍2 𝑠1𝑠2

= 𝑒𝑖𝛾1𝑠1𝑠2|𝑠1𝑠2⟩
Logical 2-qubit gate representing the 
Ising interaction

𝜓 𝑝𝑠 1 =
1

2𝑁
෍

𝑛=1

2𝑁

𝑒𝑖𝐸𝑛|𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑛 ⟩

Mix the amplitudes by a transverse field 
rotation exp(𝑖𝛽𝑋) on each qubit 
(arbitrary parameter)

𝜓 𝑚𝑖𝑥 1

= 2 ൗ𝑁
2

−1
෍

𝑠
B1𝑠 𝛽1, 𝛾1 𝑒𝑖Γ1𝑠 𝛽1,𝛾1 |𝑠⟩

U
m

ix
(β

1
)

U
P

S
(γ

2
)

You need to schedule the 
gates for every term of the 
objective function !

Now if you measure, the probability of a 
bitstring depends both on 𝛾 and 𝛽 in a 
non-linear way. 

Quantum Approximate Optimization Algorithm
Example
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U
P

S
(γ

1
)

U
in

it

U
m

ix
(β

p
)

U
m

ix
(β

1
)

U
P

S
(γ

2
)

U
m

ix
(β

1
)

𝜓 QAOA 𝑝

= 2 ൗ𝑁
2

−1
෍

𝑠
B2𝑠 𝛽1, 𝛾1, 𝛽2, 𝛾2, … , 𝛽𝑝, 𝛾𝑝 𝑒𝑖Γ1𝑠 𝛽1,𝛾1,𝛽2,𝛾2,…,𝛽𝑝,𝛾𝑝 |𝑠⟩

Now if you measure, the 
probability of a bitstring 
depends both on 𝛾 and 𝛽 in a 
non-linear way. 
It is exponentially difficult to 
predict or simulate the 
probability 

B2𝑠 𝛽1, 𝛾1, 𝛽2, 𝛾2, … , 𝛽𝑝, 𝛾𝑝
2
 to 

find the optimal unknown 
solution 𝑠∗

For 𝑝 → ∞ you can map this evolution to AQC; discrete becomes continuous; so, you know how to do 
it. For finite p there is currently not a lot of guidance, big sector of research.
The search over the parameter space 𝛾 and 𝛽 is done heuristically (e.g., Gradient descent)

Quantum Approximate Optimization Algorithm
Example
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Associate one qubit to each qi

Initialize the registers with a candidate solution 
found through, e.g., genetic algorithm or greedy 
search 

|ψ⟩in=|011010101100⟩

Mix the system by 
generating a superposition 
of the initial solution with all 
possible others (arbitrary 
parameter)
|ψ⟩mix=α|011010101100⟩+ ∑k 
βk|φk⟩

     

Assign to each superposed solution a 
phase proportional (arbitrary 
parameter)
to its objective function value
|ψ⟩mix=αeiγEin|011010101100⟩
+ ∑k βke

iγEk|φk⟩

Mix with new 𝛽∗

Add phases 
again with new 𝛾

* Stay in the computational subspace!

Only the logical subspace

All 2N bitstrings

|ψ⟩mix= ∑S βs|s⟩

QAOA for Constrained Combinatorial Optimization
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│001⟩a│001⟩+b│010⟩ a’│001⟩+b’│010⟩+c’│100⟩
XY(2,3) XY(2,3)

෍

𝒊

𝒒𝒊 = 𝒌

Enforcing the same number of bits=1 
is the same as doing two spin-flips 

𝑋𝑌 =  𝑠
+

𝑠
−

 + 𝑠
−

𝑠
+

𝑪 ෍

𝒊

𝒒𝒊 − 𝒌

𝟐
Penalty 
Function

Difficult to scale, does not guarantee results, hardness 
is large softness

What you would want is to start from a classical bitstring, and 
then be able to “mix it” coherently in the subspace where the 
constraint is satisfied

Possible solution for 
these constraints: 𝑋𝑌-
Mixers. 

The problem of hard constraints
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• Maximum Cut
• Max-SAT, Min-SAT, NAE-

SAT
• Set Splitting
• MaxE3LIN2
• Max-ColorableSubgraph
• Graph Partitioning
• Maximum Bisection
• Max Vertex k-Cover
• MaxIndependentSet
• MaxClique
• MinVertexCover
• MaxSetPacking

• MinSetCover
• TSP
• SMS with various 

metrics and constraints
…

Objective Function: Soft Constraints
Feasible States: Hard Constraints

QAOA Applications
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Some unitary respecting:
• Preserve the feasible subspace
• Provide all-to-all nonzero 

transitions between all feasible 
states

• Non-necessarily time evolution of a 
local Hamiltonian

Some unitary respecting:
• Is diagonal in the 

computational basis
• The spectrum of 𝐻𝑃 

encodes the objective 
function

Some initial state respecting:
• It is a superposition of several solutions 

in the feasible subspace
• It can be prepared efficiently

Alternating Operator Ansatz
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In traveling salesman encoding

Xvj=1 if city v is visited as jth 

(partitioned using edge coloring and parity  
                                                  ≈(n-1)n2/4 mixers)
(needs to be repeated n(n-1)/2 times for all-to-all)

In single machine scheduling

Xjt=1 if job j starts at time t

(But if we add release dates then we need controls 
on the no-overlap constraint) 

TSP and Scheduling
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Bitflip mixers
• Maximum Cut
• Max-SAT, Min-SAT, NAE-SAT
• Set Splitting
• MaxE3LIN2
…

Controlled Bitflip mixers
• MaxIndependentSet
• MaxClique
• MinVertexCover
• MaxSetPacking
• MinSetCover
…

XY mixers
• Max-ColorableSubgraph
• Graph Partitioning
• Maximum Bisection
• Max Vertex k-Cover
…

Controlled XY mixers
• Max-k-ColorableInducedSubgraph
• MinGraphColoring
• MinCliqueCover
...

Permutation mixers
• TSP
• SMS with various metrics and constraints
…

Zoology of Ansatze
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1. (See Hadfield et al 2018 – «Quantum Alternating Operator Ansatz»)
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Vanilla QAOA (Fahri 2014) and the 
QAOAnsatz (Hadfield 2017) were just the 
start of the field of modern Quantum 
Optimization Approaches
Variations:
• Incomplete/Approximate: e.g. mixing of a limited number of 

variables randomly selected.
• Adaptive: e.g. changing the circuit at runtime based on 

parameter exploration.
• Unstructured: e.g. the cost function could be evaluated only by 

classical hardware and is not in the ansatz, like learning in a 
neural network.

• Overparametrized: e.g. some gates might have offset angles
• Digital-Analog: i.e. global pulsing techniques that generate multi-

qubit long range interactions.

The Flexible Design of NISQ Optimization Algorithms
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1. Recent Review Articles:
2. Noisy intermediate-scale quantum (NISQ) algorithms 
3. Bharti et al. (Jan 2021) – arXiv:2101.08448
4. Variational Quantum Algorithms
5. Cerezo et al. (Dec 2020) – arXiv:2012.09265
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Can we design a QAOA-Like algorithm with smaller compilation 
overhead via a prescriptive method for any combinatorial 
problem, still having guidance on why it should work?

Objective function in 
the PS ansatz (AQC-
inspired) and in the 
parameter setting 

discovery

Objective function only in the parameter 
setting discovery.

m
e

a
s

u
re

Update based on some eval of the obj function

Benefit: reduce compilation overhead (synthesis and routing)
Malus: why would it work?

The Flexible Design of NISQ Optimization Algorithms
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1. “hardware-efficient ansatz” definition mostly from Kandala et al. in Nature 549(7661) 2017 for VQE:  we consider use the naturally available entangling interactions of the superconducting hardware.
2. Applied to QAOA MaxCut (e.g. Moll et al. Quantum Sci. Technolog. 3(030503) 2018) but not benchmarked systematically as an option for classical optimization.
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Near term processors are used as co-processors

Variational Quantum Computing
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Quantum Circuits can be composed by single and two-qubit gates of universal set*
CNOT, Ry(q) and Rz(a)

Each single qubit gate can be decomposed by single qubit rotations.
U1= Rz(a) Ry(b) Rz(g) eif

Each two qubit gate is reversible and it is representable by a Unitary Matrix.

RZ gates can be «virtually» compiled.
(McKay 2017 and refs)  

* active research to natively support multi-qubit gates

Maximum number of elementary 1-qubit gates: 15
Maximum number of CNOTs: 3
Maximum depth assuming RY, RZ and simplifications: 
11

The Gate Synthesis Problem
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1. Barenco et al. (1995)
2. Kraus, Cirac (2001)
3. Vatan, Williams (2003)
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Performance of algorithms in NISQ will depend on 
aspects such as gate fidelities, parallelization, idle time, 
crosstalks..

Different Metrics to optimize correlate to final 
performance:
• Total Quantum Factor
• Quantum Volume
• Number of Two-Qubit Gates
• Makespan

SWAP-Compilation (review)
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1. Guerreschi and Park (2018). Two-step approach to scheduling quantum circuits. arXiv preprint arXiv:1708.00023.
2. Khatri, Sumeet, et al. "Quantum assisted quantum compiling." arXiv preprint arXiv:1807.00800 (2018).
3. Li, G., Ding, Y., & Xie, Y. (2018). Tackling the Qubit Mapping Problem for NISQ-Era Quantum Devices. arXiv preprint arXiv:1809.02573 

(2018).

4. Oddi, Angelo, and Riccardo Rasconi. "Greedy Randomized Search for Scalable Compilation of Quantum Circuits." International 
Conference on the Integration of Constraint Programming, Artificial Intelligence, and Operations Research. Springer, Cham, (2018.

5. …
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Interaction graph obtained from quadratic objective function (MAXCUT)

• Every edge is a gate that needs to be executed (in 
arbitrary order)

• The same graph has to be executed multiple times (p 
rounds).

• Every qubit has to complete all the gates of round p 
before being involved in p+1 

Counts the edges in the cut

Defines the cut

∑iXi
Mixes the two partitions

𝑈𝑃𝑆 = ෑ

𝑗𝑘

exp(𝑖𝛽𝑍𝑗𝑍𝑘)

𝑈𝑀

= ෑ

𝑗

exp(𝑖𝛾𝑋𝑖)

MaxCut
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n6 n8

n1 n2 n3

n
4

n7

n5

q1

q5

q3

q4 q7

q6

Initial assignment
qi → ni

1 3

4 5

6 7

Interaction graph obtained from quadratic 
objective function (MAXCUT)

• Every edge is a gate that needs to be executed (in arbitrary 
order)

• The same graph has to be executed multiple times (p rounds).
• Every qubit has to complete all the gates of round p before 

being involved in p+1 

Circuit Execution Schedule
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1 3

4 5

q1

q5

q3

q4 q7

q6

Objective: finding the makespan-minimizing Gantt Schedule for p=1, p=2, N=8, N=21

fast P-S (t=3)
slow P-S (t=4)
Swap (t=2)

Benchmark presented at ICAPS17

Circuit Execution Schedule
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1 3

4 5

q1

q5

q3

q4 q7

q6

Q14

Circuit Execution Schedule
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1 3

4 5

q1

q5

q3

q4 q7

q6

Q14 Q13

1 3

4 5

Circuit Execution Schedule

21 September 2026 Quantum Computing for Operations Research 136



© David E. Bernal Neira

1 3

4 5

q1

q5

q3

q4 q7

q6

Q14 Q13

1 3

4 5

1 3

4

5

Circuit Execution Schedule
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1 3

4 5

q1

q5

q3

q4 q7

q6

Q14 Q13 Q15

1 3

4 5

1 3

4

5 3 1

4

5

Circuit Execution Schedule
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1 3

4 5

q1

q5

q3

q4 q7

q6

Q14 Q13 Q15

1 3

4 5

1 3

4

5 3 1

4

5

All actions of round 1 are completed – qubit can be mixed.
Qubit 1 can start participating to round 2.

Circuit Execution Schedule
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1 3

4 5

q1

q5

q3

q4 q7

q6

Q14 Q13 Q15
Q14Q13Q15

1 3

4 5

1 3

4

5

3 1

4

5 3 1

4

5 4 1

3

53 1

4

5

3 1

4

5

PS2

Circuit Execution Schedule
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n6 n8

n1 n2 n3

n4

n7

n5

q1

q5

q4

q6

How to obtain these schedules efficiently?

Classical planning software is useful, and this is an 
active research field.

P-S(3,7) is fast on n1, n4

P-S(3,7) is slow on n4, n6

q3

q7

Circuit Execution Schedule
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• A problem is said to belong to the complexity class BPP, bounded-error probabilistic polynomial time, if there 

is an algorithm that solves it such that

• It is allowed to flip coins and make random decisions

• It is guaranteed to run in polynomial time

• On any given run of the algorithm, it has a probability of at most 1/3 of giving the wrong answer, whether the 

answer is YES or NO.

• There exists another complexity class called BQP, bounded-

error quantum polynomial time, which is the quantum 

analogue of BPP

• We hope that some problems belong to BQP and not to 

BPP to observe Quantum Advantage

• E.g., Integer factorization
The suspected relationship of BQP to other problem spaces

[1] Michael Nielsen and Isaac Chuang (2000). Quantum Computation and Quantum 
Information. Cambridge: Cambridge University Press. ISBN 0-521-63503-9.

Complexity introduction
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•Many of these optimization problems cannot be solved “efficiently”
• i.e., belong to NP-complete or NP-Hard complexity classes
• Exponential speedups are believed as unreachable
• Given application we still are encouraged to develop solution methods

The suspected relationship of BQP to other problem spaces
Retrieved from Michael Nielsen and Isaac Chuang (2000). Quantum Computation and Quantum Information

• QC can provide asymptotic speedup for certain optimization problems
• Usually quadratic speedup of exponentially expensive tasks

• Hard to predict the scale at which this is observable

• No quantum advantage for practical optimization yet observed

• Practical and heuristic speedups are of interest!

Optimization via Quantum Computing
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Optimization problems presented from a mathematical programming perspective
• Classified according to objective/constraints linearity/convexity and variables nature
Proposed algorithms with provable speedup for convex problems (LP/SDP)
• Most rely on Q Fourier transform, Q phase estimation, qRAM – Beyond NISQ capabilities
Heuristic/Approx methods for discrete optimization

• Performance bounded by complexity results
• Unachievable exponential speedup (if P!=NP)
• Complete enumeration quadratically faster via 

Grover search

• Possible exploitation of structure in the 
problems

• Several methods devised for Ising model  
Quadratic Unconstrained Binary Opt (QUBO)

Optimization via Quantum Computing
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Foreseeable future
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                                                                  +  𝜓 011  |  011 ⟩ +  𝜓 100  |  100 ⟩   +  𝜓 101  |  101 ⟩


  +  𝜓 110  |  110 ⟩ +  𝜓 111  |  111 ⟩


   U 𝜔  | x ⟩ = − | x ⟩


  x = 𝜔


   U 𝜔  | x ⟩ = | x ⟩


   U s = 2 | s ⟩ ⟨ s | − I


   | s ⟩ =  1   N   ∑  i = 0  N − 1  | x ⟩


   N


   U 𝜔


   U s


    |q qubits =     ∑  n = 1   2 q  yn|solution(n) n  _


  yn


  yn


  H = −     ∑   ⟨ i , j ⟩   J  i , j  𝜎 i  𝜎 j −     ∑ j   h j  𝜎 j


  P  (  𝝈 c , 𝛽 ) =    e  − 𝛽 H (  𝝈 c ) /  Z ( 𝛽 )


   𝝈 f


   𝝈 c =  [  𝜎 1 c , ⋯ ,  𝜎 N c ]


   𝝈 i =  [  𝜎 1 i , ⋯ ,  𝜎 N i ]  


  H  (  𝝈 i )


  T =    (  k B 𝛽 )  − 1


   𝝈 i  


   𝝈 𝒋


  H  (  𝝈 𝒋 )


  H  (  𝝈 𝒋 ) < H  (  𝝈 𝒊 )


  H  (  𝝈 𝒋 ) > H  (  𝝈 𝒊 )  


   exp ⁡   [ −   H  (  𝝈 𝒋 ) − H  (  𝝈 𝒊 )   k B T ] ≥ Rand  [ 0 ,   1 ]


  K


  p ( 𝜎 ’ | 𝜎 )  


  p ( 𝜎 )


   A exchange =  min ⁡   { 1 ,  e  Δ 𝛽 Δ ℋ }


   V +


   V −


  𝜎 = + 1


  𝜎 = − 1


  𝛿 (  V + )


   W  i j


   | 𝛿 (  V + ) | =    1 2   ∑   ( i , j ) ∈ 𝛿 (  V + )   W  i j


  H  ( 𝜎 ) =   ∑   ( i j ) ∈ E ( G )   W  i j − 4  | 𝛿 (  V + ) |


   min 𝜎 H  ( 𝜎 ) =   ∑   ( i j ) ∈ E ( G )   W  i j + 4  max 𝜎  | 𝛿 (  V + ) |


  H  ( 𝜎 ) = −   ∑   ( i j ) ∈ E  ( G )   J  i j  𝜎 i  𝜎 j  


                                                                                                                        = −   ∑   ( i j ) ∈ E  (  V + )   J  i j −   ∑   ( i j ) ∈ E  (  V − )   J  i j +   ∑   ( i j ) ∈ 𝛿  (  V + )   J  i j


                                                                  = −   ∑   ( i j ) ∈ E  ( G )   J  i j + 2   ∑   ( i j ) ∈ 𝛿  (  V + )   J  i j


   Q  i j = 4  J  i j ,    Q  i i = 2  h i −   ∑  j ∈ V  ( G )   ( 2  J  i j + 2  J  j i ) ,   c =   ∑  i < j   J  i j −   ∑  i ∈ V  ( G )   h i


   J  i j =    Q  i j / 4 ,  h i =    Q  i i / 2 +   ∑  j ∈ V ( G )   (    Q  i j / 4 +    Q  j i / 4 ) ,    c I =  c Q +   ∑  i < j     Q  i j / 4 −   ∑  i ∈ V  ( G )     Q  i i / 2


   x  i j =  x i  x j  


   min  𝜎 ∈    { − 1 , + 1 } n H  ( 𝜎 ) =  min  𝜎 ∈    { − 1 , + 1 } n   ∑   ( i j ) ∈ E ( G )   J  i j  𝜎 i  𝜎 j +   ∑  i ∈ V ( G )   h i  𝜎 i


   min  𝜎 ∈    { − 1 , + 1 } n   ∑   ( i j ) ∈ E ( G )   J  i j  𝜎 i  𝜎 j +   ∑  i ∈ V ( G )   h i  𝜎 i =


   min  𝐱 ∈    { 0 , 1 } n   ∑   ( i j ) ∈ E ( G )   x i  Q  i j  x j +   ∑  i ∈ V ( G )   Q  i i  x i + c


   𝜎 i = 2  x i − 1


   𝜎 i  𝜎 j = 4  x i  x j − 2  x i −   2 x j + 1


   x i =     ( 𝜎 i + 1 ) / 2


   x i  x j =   (  𝜎 i  𝜎 j +  𝜎 i +  𝜎 j + 1 ) / 4


  𝒄


  𝐐


   x i  x j =  x j  x i


   x i 2 =  x i   if    x i ∈ { 0 ,   1 }


   min  𝐱 ∈    { 0 , 1 } n   ∑   ( i j ) ∈ E ( G )   x i  Q  i j  x j +   ∑  i ∈ V ( G )   Q  i i  x i + c


  =  min  𝐱 ∈    { 0 , 1 } n  𝐱 T 𝐐 𝐱 + c


                             min  𝐱 ∈    { 0 , 1 } n  𝐱 T 𝐐 𝐱 + c


                            s . t .   𝐀 𝐱 = 𝐛


  H =  H A +  H B


   H A = 0


   H A = 𝜌   ∑  j = 1 m  (   ∑  i = 1 n     (  A  i j  x i −  b j ) 2


   H B =   ∑  i = 1 n   c i  x i


   H A


  min ( H )


   H A = 0


  f :    { 0 , 1 } n ⟼ ℝ


   x  i j =  x i  x j                                                           f  ( x ) =  a 0 +   ∑ i   a i  x i +   ∑  i j   a  i j  x i  x j +   ∑  i j k   a  i j k  x i  x j  x k + …


   x  i j ≥  x i +  x j − 1


   x  i j ≤  x i


   x  i j ≤  x j


  H  ( 𝐱 ) = 3  x  i j +  x i  x j − 2  x  i j  x i −


  2  x  i j  x j


   𝒙 𝒊


   𝒙 𝒋


   𝒙  𝒊 𝒋


   𝒙 𝒊  𝒙 𝒋


  𝑯 ( 𝒙 )


  y ∈  { 0 , ⋯ ,  y - } ⊆   ℤ


  𝒅


  y =     ∑  j = 1 d   k j  x j =  𝐤 T 𝐱 ,  k j ∈  ℤ + ,    x j ∈ { 0 , 1 }


   k j = 1


  d =  y -


   k j =  2  j − 1


  d =  ⌊    log 2 ⁡ (  y - ) ⌋


  𝜇 ≪  y -


  if         y - <  2   ⌊  log ⁡  ( 𝜇 ) ⌋


  if         y - >  2   ⌊  log ⁡  ( 𝜇 ) ⌋


  𝐀 𝐱 ≤ 𝐛


  𝐀 𝐱 − 𝐛 ≤ 𝟎


  𝐀 𝐱 + 𝐬 − 𝐛   = 𝟎


  b


  Ax ≤   b


  s


   H A =   𝜌   ∑  j = 1 m    ∑  i = 1 n     (  A  i j  x i −  b j ) 2


  s . t .   𝐀 𝐱 = 𝐛


    ∑ i   x i ≤ M


    ∑ i   x i +   ∑ j   m j  y j = M


   H A = 𝜌    (   ∑ i   x i +   ∑ j   m j  y j − M ) 2


     min x ⁡  E ( x ) =    min x ⁡    ∑ i   c i  x i +   ∑  i , j   c  i j  x i  x j +   ∑  i , j , k   c  i , j , k  x i  x j  x k + …


  s . t .        x i ∈  { 0 , 1 } , ∀ i ∈  { 1 , … , n } =  ⟦ n ⟧


  | 𝜓 ⟩ =     | 00 ⟩    | 01 ⟩    | 10 ⟩    | 11 ⟩  (     𝜓 00    𝜓 01    𝜓 10    𝜓 11 )  =  e g  (    0 . 0 + 0 . 0 i   0 . 0 + 0 . 0 i   1 . 0 + 0 . 0 i   0 . 0 + 0 . 0 i ) =  | 10 ⟩


  E ( x )


  U


     min x ⁡  E ( x ) =    min x ⁡    ∑ i   c i  x i +   ∑  i , j   c  i j  x i  x j


  s . t .        x i ∈  { 0 , 1 } , ∀ i ∈  { 1 , … , n } =  ⟦ n ⟧


   𝑯 𝑪


  n


  𝐱 ∈    { 0 , 1 } n


  𝐳 ∈    { − 1 , + 1 } n


  f  ( 𝐳 ) =   ∑  𝒞 ⊂  { 1 , … , n }   𝛼 𝒞   ∏  j ∈ 𝒞   z j  =  e . g .  z 1  z 2 + 2  z 2  z 3 + 3  z 3  z 1 + 2  z 1


  i


   𝜎 i z


   z i


   H C =   ∑  𝒞 ⊂  { 1 , … , n }   𝛼 𝒞  ⊗  j ∈ 𝒞  𝜎 j z  =  e . g .       [    1  0   0  − 1 ] 1 ⊗    [    1  0   0  − 1 ] 2 +     2    [    1  0   0  − 1 ] 2 ⊗    [    1  0   0  − 1 ] 3 +   3    [    1  0   0  − 1 ] 3 ⊗    [    1  0   0  − 1 ] 1 + 2  𝜎 1 z =


   [    8  0  0  0  0  0  0  0   0  − 2  0  0  0  0  0  0   0  0  2  0  0  0  0  0   0  0  0  0  0  0  0  0   0  0  0  0  − 4  0  0  0   0  0  0  0  0  − 2  0  0   0  0  0  0  0  0  − 6  0   0  0  0  0  0  0  0  4 ]


   H p =   ∑  i j   J  i j  𝜎 Z i ⨂  𝜎 Z j +   ∑ i   h i  𝜎 Z i


  H | s 1 s 2 … s N ⟩   =    E N |   s 1 s 2 … s N   ⟩  


   exp ⁡   ( i H )   | s 1 s 2 … s N ⟩   =   e i E N   | s 1 s 2 … s N ⟩


  R x ( 𝜋 / 2 ) | 0 ⟩ = | 1 ⟩


  R x ( 𝜋 / 2 ) | 1 ⟩ = | 0 ⟩


   H D = 𝛤   ∑ i   𝜎 X i


  |    Ψ ⟩  N q u b i t s =  1    2 N   ∑  n = 1   2 N  |  s o l u t i o n ( n ) ⟩


  X =  (    0  1   1  0 )


  Y =  (    0  − i   − i  0 )


  Z =  (    1  0   0  − 1 )


  𝑯 = 𝑨  ( 𝒕 )  𝑯 𝑫 + 𝑩  ( 𝒕 )  𝑯 𝒑


    ∑  j ∈ 𝜀 ( i )   h j ′ =  h i


    ∑   j 1 ∈ 𝜀  (  i 1 )    ∑   j 2 ∈ 𝜀  (  i 2 )   J   j 1  j 2 ′ =  J   i 1  i 2


   J   j 1  j 2 ′ <  |  h i | −   ∑  k = 1 n  |  J  i j |


   n H   hardware   qubits )


   n P   logical   bits )


  𝜀  ( i ) :    { 1 , … ,    n L } →  2   { 1 , … ,  n P }


  𝜌


     min  𝐳 ∈    { − 1 , + 1 } 3 ⁡   z 1  z 2 +  z 2  z 3 +  z 3  z 1


     min  𝐲 ∈    { − 1 , + 1 } 3 ⁡   y 1  y 2 +  y 2  y 3 +  y 3  y 4


  s . t .    y 1 =  y 4


     min  𝐲 ∈    { − 1 , + 1 } 3 ⁡   y 1  y 2 +  y 2  y 3 +  y 3  y 4 + 𝜌    (  y 1 −  y 4 ) 2


     min  𝐲 ∈    { − 1 , + 1 } 3 ⁡   y 1  y 2 +  y 2  y 3 +  y 3  y 4 − 𝜌  y 1  y 4


  𝜌


  Q


  𝒇 ( 𝑺 𝟏 ,   𝑺 𝟐 )   =   −  𝑱 𝑭   𝒔 𝟏   𝒔 𝟐


  𝒇 ( 𝑿 𝟏 ,   𝑿 𝟐 ) =   − 𝟒  𝑱 𝑭 ( − 𝑿 𝟏 − 𝑿 𝟐 + 𝑿 𝟏 𝑿 𝟐   )


  J F


  J F


   Q p  ( 𝜷 ,   𝜸 )   =    U M  (  𝜷 p )  U P  (  𝜸 p )   ⋯    U M  (  𝜷 1 )  U P  (  𝜸 1 )


   | 𝜷 ,   𝜸 ⟩   =    Q p  ( 𝜷 ,   𝜸 )    | s ⟩


   F p  ( 𝜸 ,   𝜷 )   =    ⟨ 𝜸 ,   𝜷 |   C    | 𝜸 ,   𝜷 ⟩


   M p   =      max  𝜸 ,   𝜷 ⁡   F p  ( 𝜸 ,   𝜷 )


     lim  p → ∞ ⁡   M p   =      max z ⁡  C  ( z )


   M p   ≥    M  p − 1


   F p  ( 𝜸 ,   𝜷 )   =    ⟨ 𝜸 ,   𝜷 |   C    | 𝜸 ,   𝜷 ⟩


   Q p  ( 𝜷 ,   𝜸 )   =    U M  (  𝜷 p )  U P  (  𝜸 p )   ⋯    U M  (  𝜷 1 )  U P  (  𝜸 1 )


   | 𝜷 ,   𝜸 ⟩   =    Q p  ( 𝜷 ,   𝜸 )    | s ⟩


   M p   =      max  𝜸 ,   𝜷 ⁡   F p  ( 𝜸 ,   𝜷 )


     lim  p → ∞ ⁡   M p   =      max z ⁡  C  ( z )


   M p   ≥    M  p − 1


     | 𝜓 ⟩  i n =      (  2   N 2 )  − 1   ∑ S  | s ⟩


   𝛾 1


     | 𝜓 ⟩  p s  ( 1 ) =      (  2   N 2 )  − 1   ∑ S   e  i  𝛾 1  E S | s ⟩


   𝛾 2


  p


     ⟨ 𝜓  | O | 𝜓 ⟩  o u t =   ∑ s   O s    |  B  p s | 2


  exp ⁡ ( i 𝛽 X )


     | 𝜓 ⟩  m i x  ( 1 ) =      (  2   N 2 )  − 1   ∑ S     B  1 s (  𝛽 1 ,  𝛾 1 ) e  i    Γ  1 s   (  𝛽 1 , 𝛾 1 )   | s ⟩


     | 𝜓 ⟩  p s  ( 2 ) =      (  2   N 2 )  − 1   ∑ S   B  1 s (  𝛽 1 ,  𝛾 1 )  e  i  (    Γ  1 s   (  𝛽 1 , 𝛾 1 ) +  𝛾 2  E S ) | s ⟩


     | 𝜓 ⟩  m i x  ( 2 ) =      (  2   N 2 )  − 1   ∑ S   B  2 s (  𝛽 1 ,  𝛾 1 ,  𝛽 2 ,  𝛾 2 )  e  i  (    Γ  2 s   (  𝛽 1 , 𝛾 1 ,  𝛽 2 ,  𝛾 2 )   ) | s ⟩


  𝛾


     | 𝜓 ⟩  i n =  1    2 N   ∑  n = 1   2 N  |solution(n)


  =    (  2   N 2 )  − 1   ∑ S  | s ⟩


  γ


  exp  ( i 𝛽  Z 1  Z 2 )  |  s 1  s 2 ⟩ =  e  i  𝛾 1  s 1  s 2 |  s 1  s 2 ⟩


     | 𝜓 ⟩  p s  ( 1 ) =  1    2 N   ∑  n = 1   2 N   e  i  E n | s o l u t i o n  ( n ) ⟩


  exp ⁡ ( i 𝛽 X )  


     | 𝜓 ⟩  m i x  ( 1 ) =    (  2   N 2 )  − 1   ∑ s   B  1 s  (  𝛽 1 ,  𝛾 1 )  e  i  Γ  1 s  (  𝛽 1 ,  𝛾 1 ) | s ⟩


  β


  γ


  𝛾


  𝛽


     | 𝜓 ⟩  QAOA  ( p ) =    (  2   N 2 )  − 1   ∑ s   B  2 s  (  𝛽 1 ,  𝛾 1 ,  𝛽 2 ,  𝛾 2 , … ,  𝛽 p ,  𝛾 p )  e  i  Γ  1 s  (  𝛽 1 ,  𝛾 1 ,  𝛽 2 ,  𝛾 2 , … ,  𝛽 p ,  𝛾 p ) | s ⟩


  𝛾


  𝛽


     |  B  2 s  (  𝛽 1 ,  𝛾 1 ,  𝛽 2 ,  𝛾 2 , … ,  𝛽 p ,  𝛾 p ) | 2


   s ∗


  p → ∞


  𝛾


  𝛽


   𝛽 ∗


  𝛾


    ∑ 𝒊   𝒒 𝒊 = 𝒌


  X Y   =   s + s −   +   s − s +


  𝑪    (   ∑ 𝒊   𝒒 𝒊 − 𝒌 ) 𝟐


  X Y


   H P


  U P S =   ∏  j k   exp ⁡  ( i 𝛽  Z j  Z k )


  U M =   ∏ j   exp ⁡  ( i 𝛾  X i )


  →

